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Abstract. Over several years the Institute of Geodesy and Geoinformatics (GGI) was engaged
in the design and development of a digital zenith camera. At the moment the camera
developments are finished and tests by field measurements are done. In order to check these data
and to use them for geoid model determination DFHRS (Digital Finite element Height reference
surface (HRS)) v4.3. software is used. It is based on parametric modelling of the HRS as a
continous polynomial surface. The HRS, providing the local Geoid height N, is a necessary
geodetic infrastructure for a GNSS-based determination of physcial heights H from ellipsoidal
GNSS heights h, by H=h-N. The research and this publication is dealing with the inclusion of
the data of observed vertical deflections from digital zenith camera into the mathematical model
of the DFHRS approach and software v4.3. A first target was to test out and validate the
mathematical model and software, using additionally real data of the above mentioned zenith
camera observations of deflections of the vertical. A second concern of the research was to
analyze the results and the improvement of the Latvian quasi-geoid computation compared to
the previous version HRS computed without zenith camera based deflections of the vertical. The
further development of the mathematical model and software concerns the use of spherical-capharmonics as the designed carrier function for the DFHRS v.5. It enables - in the sense of the
strict integrated geodesy approach, holding also for geodetic network adjustment - both a full
gravity field and a geoid and quasi-geoid determination. In addition, it allows the inclusion of
gravimetric measurements, together with deflections of the vertical from digital-zenith cameras,
and all other types of observations. The theoretical description of the updated version of DFHRS
software and methods are discussed in this publication.

1. Introduction
The DFHRS software has been developed at Karlsruhe University of Applied Sciences, Institute of
Applied Research for the computation of precise quasi-geoid models from different kind of data starting
in 1999 [1]. The computation of precise quasi-geoid models, providing the local quasi-geoid height
N(B,L,h) as a function of the position in terms of the ellipsoidal geographical coordinates (B,L,h), plays

a significant role as geodetic infratructure in the age of precise GNSS positioning technologies, in respect to transform by H=h–N an ellipsoidal GNSS height h into the physical normal height H. The
GNSS based determination of physical heights H is much faster, easier to handle and much more
economic, in comparison to classical geodetic levelling. The principle of the DFHBF-approach and
software version 4.3 (v. 4.3) [1] is based on the parametric model of N(B,L,h) as a continuos polynomial
height reference surface (HRS). The access to the parametric HRS model is enabled by DFHRS_DB
data-bases and access-software, which allow the direct conversion of GNSS-heights h into physical
standard heights H by H=h–N. The DFHBF_DB stores polynomial p parameters and (a scale-difference
factor Δm for old height H systems) [1],[2]. DFHRS v4.3 includes all types of geometrical input data:
Both ellipsoidal heights h, and normal/orthometric heights H, geoid/Q-geoid-heights N, and deflections
of the vertical (η,ξ) out of geopotential models (EGM2008) or grids. The updated software v4.3 includes
observed vertical deflections data (η,ξ) from digital zenith cameras [3]. The region of Riga is chosen for
tests of the camera system, data modelling tests and data quality analysis in this publicaion.
2. Used data
The Riga region as test area includes 35 GNSS /levelling points (h,H) and 10 deflections of the vertical
data points (η,ξ) observed by the developed digital zenith camera. This observation data were
commenced in September, 2016 and will be continued in order to cover the whole territory of Latvia.
The GNSS observations were partially provided by Latvian Geospatial Information Agency, as well as
being carried out in 4 hours sessions and processed by GGI stuff using Bernese GNSS software v 5.2.
Besides field data observations from the developed zenith camera and GNSS/levelling points, quasigeoid data N and vertical deflections data (η,ξ) were derived from EGM2008 and EIGEN6C4
geopotential models http://icgem.gfz-potsdam.de/ICGEM/ [4]. Both models are of the same degree and
order n=m=2159.
The graphical display of the polynomial mesh (thin blue lines) and patch design (thick blue lines)
and the observed data (fitting points and deflections of the vertical) of the DFHBF software 4.3 are
depicted in figure 1.

Figure 1. Riga region observations (green triangles – GNSS/levelling points, black squares –
deflections of the vertical).

3. Deflections of the vertical
The astronomic latitude Φ and longitude Λ determine the direction of the tangent to the plumb line, and
the geodetic coordinates (B,L)=:(φ, λ)ell define the direction of the ellipsoid normal [5]. The deflections
of the vertical (η, ξ) measured at the earth surface are the angular difference between plumb line direction
and normal to the surface and consists of north and east component [6]. The use of observations (η, ξ)
from digital zenith camera allows to compute quasi-geoid models N using (6a-d) with much less
GNSS/levelling points in a given area. Figure 2 shows the observation type of vertical deflections and
its components, here related to the sphere, while the surface observations are by (6a-d) related to the
ellipsoidal latitude and longitude (B, L). The relationship of unreduced deflections related to the Earth
surface, and the quasi-geoid is shown in figure 3. Deflections of the vertical measured at the Earth
surface by means of a digital zenith camera in North-South and East-West direction can be calculated
by the difference of astronomical and ellipsoidal coordinates, determined by GNSS, as follows:

𝜉 =𝛷−𝐵
𝜂 = (𝛬 − 𝐿)𝑐𝑜𝑠𝜑

Figure 2. Vertical deflections (η, ξ), here related to the sphere, and its components. [6]

Figure 3. The relationship of unreduced deflections of vertical related to the Earth surface and the
quasi-geoid

4. Digital Zenith camera
The digital zenith camera system has been developed in the recent years by the University of Latvia,
Institute of Geodesy and Geoinformatics [7], [8]. At present the camera system developments have been
completed, and first observations are done in the region of Riga. The instrument consists of vertically
oriented telescope, equipped with sensitive tiltmeter; assembly can be rotated around vertical axis. The
tiltmeter readings provide inclination corrections for the instrument main axis relative to the plumb line.
The principle of digital zenith camera is based on the determination of plumb line by astronomical
coordinates (Φ, Λ). The stars serve as orientation and approximately 20 stars around zenith frame should
be used as observations. The precision of the developed digital zenith camera is about 0,1-0,2 arc
seconds. The advantage of using deflections of the vertical observations is the provision of terrestrial
gravity field information, which is independent from errors in local vertical datum [9], [10]. GNSS
techniques allow to determine geodetic (ellipsoidal) coordinates (B,L)=:(φ, λ)ell (see 6a,b), as well as
the exact time of positioning, which is needed for the astronomical zenith camera observations (Φ,Λ)
for the modelling of the precession, nutation and Earth rotation terms.
5. Results
Different computation results are depicted in figure 4, figure 5 and figure 6. Figure 4 shows the
difference of the quasi-geoid models N based on EGM2008 and EIGEN6C4 geopotential models. In
most parts of Riga region the amplitude of difference in geoid heights is in range from -1 up to +1 cm.
The difference in the north of Riga region can reach up to 3 cm. The figure 5 depicts the use of
deflections of vertical data derived from EGM2008 model and its impact on geoid heights determination.
This difference can reach from -3 up to +3 cm. Figure 6 shows the differences of deflections of vertical
observations from digital zenith camera in comparison without using this data. The range of differences
varies from -7 up to +5 cm, what proves significant impact and improvement of the use of deflections
of the vertical (η, ξ ) on a quasi-geoid determination. The standard deviaton of the deflections of vertical
data is equal to 0,09 arcsec for ξ (North- South) component and 0,14 arcsec for η (East-West)
component. Other statistics is performed in table 1.
Table 1. Statistics of vertical deflections observations
ξ
η

Mean
0,072
0,091

RMS
0,09
0,14

Min
-0,100
-0,311

Max
0,162
0,226

The calculations based on the preliminary results of vertical deflections observations aprove the
successful use of digital zenith camera and instrument readiness for futher collection of observations.
The computations using the DFHRS software v.4.3 allowed to carry out additional control and software’s check for modelling and data errors in the frame of the data processing.

Figure 4. The difference of quasi-geoid model for Riga region in comparison to EIGEN6C4 and
EGM2008 geopotential models.

Figure 5. The difference between using derived deflections of vertical data and without this data.

Figure 6. The impact of vertical deflections data from digital zenith camera.
6. Further development of the software
The further development of the software concerns the use of spherical-cap-harmonics as the designed
carrier function for the DFHRS v.5.1. It enables - in the sense of the strict integrated geodesy approach,
holding also for geodetic network adjustment - both a full gravity field and geoid determination. In
addition it allows the inclusion of gravimetric measurements, together with deflections of the vertical
from digital zenith cameras, and all the other types of observations. The advantage of spherical-capharmonics (SCH) modelling in comparison to spherical harmonics (SH) that less parameters are needed
in order to compute local area instead of whole sphere. [11], [12]. This method was developed by [13],
[14]. The gravitational potential V in terms of SCH for a point P (r, α, θ) within the cap reads [15]:
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and
coefficients are unknowns and have to be determined by least square estimation.
The basic concept behind SCH is to expand gravity potential V in two sets of basis functions which
satisfies Laplace’s equation [16], [17] within the spherical cap and are mutually orthogonal in each set.
The Legendre functions are chosen in order to satisfy the following boundary conditions [13]:
𝑑𝑃𝑛𝑚𝑘 (𝜃=𝛼)
𝑑𝜃
𝑑𝑃𝑛𝑚𝑘 (𝜃

= 0 for k – m = even, (2)
= 𝛼) = 0 for k – m =odd, (3)

where a is the cap half-angle, and k is used to index (in ascending order) the roots nk of (2) and (3) at a
given value of m [18].
The local coordinate system is defined by cap opening angle and local pole is depicted on figure 7.

Figure 7. Spherical cap area with its own pole located at the origin of area of interest [12]
The starting point for the Quasi-Geoid based theory of Molodensky implemented in the DFHRSapproach and software 5.0 reads with:
′
′
𝑇𝑃 = (𝑉(𝑟, 𝛼, 𝜃|𝐶𝑛𝑚,
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Figure 8. Deflection of vertical at point P
Consistent with the above Quasi-Geoid theory of Molodensky and the Bruns theorem, we have zenitcamera based measured surface vertical deflections at surface point P, referring to the telluroid point Q
(see figure 8):
𝜉𝑃 = 𝜑𝑎𝑠𝑡𝑟,𝑃 − 𝐵 (6a)
𝜂𝑃 = (𝛼𝑎𝑠𝑡𝑟,𝑃 − 𝐿) ∗ 𝑐𝑜𝑠𝐵 (6𝑏)
Starting with the Quasi-Geoid formula and introducing again the potential model related TP we get
the vertical deflections at the Earth Surface P as (see figure 8.)
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𝛿𝜉𝑛𝑜𝑟𝑚.𝑐𝑢𝑟𝑣. is the difference between Helmert and Molodensky deflections due to the curvature of the
normal plumb line [19].
For above differentiation of TP in the direction of the ellipsoidal latitude B and longitude L 4 different
coordinate systems in TP have to be handled, as we have (4), the solution at first we bring together the
local CAP system and the spherical system, we have:
r = r (7a)
𝑐𝑜𝑠𝜑sin(𝜆 − 𝜆0 )
𝑠𝑖𝑛𝜑𝑐𝑜𝑠𝜑0 − 𝑐𝑜𝑠𝜑𝑠𝑖𝑛𝜑0 cos(𝜆 − 𝜆0 )

(7𝑏)

𝑐𝑜𝑠𝜃 = 𝑠𝑖𝑛𝜑𝑠𝑖𝑛𝜑0 − 𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜑0 cos(𝜆 − 𝜆0 )

(7𝑐)

𝑡𝑎𝑛𝛼 =

For the remaining 3 systems for the position of the point P, the common denominator are the
Cartesian 3D coordinates (x,y,z):
𝑟𝑐𝑜𝑠𝜑𝑐𝑜𝑠𝜆
𝑥
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𝑧
𝑟𝑠𝑖𝑛𝜑
(𝑁(𝐵) + ℎ)cos(𝐵)𝑐𝑜𝑠(𝐿)
𝑥
𝑁(𝐵) + ℎ)cos(𝐵)𝑠𝑖𝑛(𝐿)
[𝑦] =
(9)
𝑏2
𝑧
( 2 𝑁(𝐵) + ℎ) sin(𝐵)
[ 𝑎
]
𝑢√1 + 𝜀 2 /𝑢2 𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜆
𝑥
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𝑧
𝑢𝑠𝑖𝑛𝛽
With (7a, b, c), (8), (9) and (10) and the common relation to (x, y, z) we have consistency in the
𝜕𝑇
𝜕𝑇
georeferencing and we can set up the derivatives (𝜕𝐵) 𝑃 (6a) and (𝜕𝐿 ) 𝑃 (6b) by applying the chain rule
to (7a, b, c) to (10) using MAPLE.
So the vertical deflections parametrize now in DFHRS 5.x the carrier function of the spherical Cap
harmonics potential and respective Cnm‘,Snm‘ coefficients instead of polynomial coefficients used in the
DFHRS approach and software 4.x. By DFHRS 5.x also surface gravity measurements gP can be
included, in opposite the DFHRS 4.x.
From the final potential computed in a least squared adjustment the Q-Geoid can be computed again
by using (4) and (4a). A geoid can be computed afterward by applying:
𝑁𝐺 = 𝑁𝑄𝐺 +

̅
𝑔̅−𝛾
𝐻
̅
𝛾

(11)

7. Conclusions
The method of spherical-cap-harmonics modelling in terms of integrated geodesy allows to compute
precise quasi-geoid model to be used for GNSS measurements. Combination of all data gives an
opportunity to define height reference surface using independent measurements (both geometrical and

physical observations). The use of vertical deflections measurements allow to check/control reliability
of heights computed by GNSS/levelling points. SCH in comparison to ordinary SH is fast method and
does not need so much memory for computations [20], [21]. The realization of this method combining
all data and implementation in DFHRS v 5.0 version will be developed under Visual Studio 2015 using
C++ programming language.
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