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B pabote ommcan MeToa U pe3ysbTaThl pacueTa JIOKAJIbHOW MOJENIM KBa3ureouja Jjs peruoHa
Viau6aropa, UBQGEOID2018, ocHoBaHHBI Ha r100anbHOM TpaBuTaimontoi moaenun EGM2008 [1],
I'HCC u onopHbIX TOUKax HUBEIMPOBaHUS B bantuiickoil cucteme BoIcOT 1977, a Takyke MPOU3BOJHBIX
JAHHBIX JIMHUK OTBeca. J[Js pacueToB MCMOIB30BaIOCh mporpamHoe obecrieuenne DFHRS B. 4.4,
KOTOpO€ TO3BOJISIET HANPAMYI0 KOHBEPTUPOBAThH 3JUIMIICOUIAIBHBIE BBHICOTHI B HOPMaJbHBIE BBICOTHI,
OCHOBBIBASICh Ha IAapaMETPUYECKOM MOJCIMPOBAHUM OIOPHOM IIOBEPXHOCTH BBICOT. B craTthe
MIPUBOJUTCS IIPUHLIAII U3MEPEHUM OTBECHBIX JIMHUU 3€HUTHOM KaMEpOW Ha OCHOBE MaTpHIlA POTALMIA:
MaTpuila poTalMd MEXIY JOKAJIbHOW AaCTPOHOMHYECKOW BEPTUKAIBHOM CHCTEMON M JIOKAJIbHOMH



reoIe3UYECKON CHUCTEMOM Takke TmpeacTaBiieHbl. OnucadHbl cheayromuii stan passutus 110 u
KOHIIENTYyaTbHbIC ()OPMYIIBIL.

KnwueBble ciaoBa: nuHus otBeca, DFHRS, EGM2008, reoxesmsi, reoup, KBa3HUI'COMI,
reo(H3MKa, MOJICIIM T€ONOTEHIINAJIa, IPAaBUTALIMOHHOE T10JI¢, 3CHUTHAs KaMmepa.
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The article describes the method and computation results of Ulaanbaatar region quasi-geoid
model, UBQGEOID2018, based on global gravity field model EGM2008 [1], GNSS and levelling
points in Baltic Height system 1977 and derived deflections of vertical data. The DFHRS (Digital
Finite-element Height Reference Surface) software v.4.4 [2] has been used for this purpose, which
allow the direct conversion of ellipsoidal heights to normal heights and based on parametric modelling
of the HRS. The principle of vertical deflections measurements by digital zenith camera is included in
this paper based on rotation matrices: the rotation matrix between local astronomical vertical system



and local geodetic vertical system is introduced. The next stage of the development version 5.x and
related research is also described and the conceptual formulas are introduced.

Key words: deflection of vertical, DFHRS, EGM2008, geodesy, Geoid, geophysics, geopotential
models, gravity field, Quasi-Geoid, zenith camera.

1. Introduction

In the era of modern technologies and GNSS developments the precise quasi-geoid
model is necessary for different engineering needs, as it allows the determination of
normal height much faster in comparison to levelling and directly from GNSS. This
article describes the software for quasi-geoid determination based on parametric
modelling, as well as further version based on Spherical-Cap-Harmonics (SCH)
modelling. The example of quasi-geoid model for Ulaanbaatar region and computation
results are introduced. The theory of deflections of vertical measurements by digital
zenith camera is also included.

2. Principle of the DFHRS software

The principle of a GNSS-based height determination H, requires submitting the
GNSS-height h to the DFHRS (B, L, h)-correction, in order to receive physical height H
and it reads:

H =h— DFHRS(p,Am|B, L,h)=h—(NFEM (p|B,L)+Am-h (2-1)

The DFHRS-correction DFHRS (B, L, h) is provided by means of a DFHRS
database (DFHRS_DB), which contains the HRS polynomial parameters and the scale
difference (p, Am) together with the mesh-design information. The mathematical model
for observation groups in a common least squares computation (Gaul3-Markov-Model)
for the evaluation of the DFHRS_DB parameters p and Am is given by formulas (2-2a-f)
[2, 3].

Functional Model Observation Types and
Stochastic Models

h+v=H + h-Am + NFEM(p|x,y), Uncorrelated ellipsoidal

with NFEM(p|x,y) =f(x,y)-p height h observations.
Covariance matrix

C, :diag(aﬁi) .

(2-2a)

Correlated geoid height

i T J
Ng(B.L)7+v=1(xy)" -p+Ns(d") opservations. with a given



real covariance matrix CNG (2-2b)
or CNG evaluated from a
synthetic covariance function.

Observations of deflections (2-2¢)
. from the vertical (n,§).

—fBT [(M(B)+h)-p+05(d J(f,??) Pairwise correlated or uncor-
related in case of astro-

: nomical observations. Corre-
—fLT 1 (N(B)+h)-cos(B))-p+an(d ch’,?) lated if derived from a gravity
potential model.

§j+v:

n) v
(2-2d)

Hiv=H Uncorrelated standard height
H observations with cova-
riance matrix

_di 2
CH _dlag(aHi)

(2-2e)

C+v=C(p) Continuity condition
equations (1d) introduced as
uncorrelated so-called pseudo
observations with accordingly
small variances and high
weights.

(2-2f)

With fg and f| we introduce the partial derivatives of f(x(B, L), y(B, L)) (2-2c)

with respect to the geographical coordinates B and L. M(B) and N(B) mean the radius of
meridian and normal curvature at a latitude B. The continuity of the resulting HRS

representation NFEM (p|x, y)= f (X, y)T x p over the meshes (fig. 1, thin blue lines)
is automatically provided by the continuity equations C( p)(2-2f). A number of iden-

tical fitting-points (B, L, h; H) are introduced by the observation equations (2-2a) and (2-
2e) (fig. 1, green triangles). In the practice of DFHRS_DB evaluation, one or a number
of different geoid-/GPM such as the EGG97 or EGM 2008 are used in a least squares es-
timation related to the mathematical model (2-2a-f), which is implemented in the
DFHRS-software 4.4. To reduce the effect of medium- or long-wave systematic shape
deflections, namely the natural and stochastic “weak-shapes”, in the observations N and
(&,m) from geoid- or GPM models, these observations are subdivided into a number of



patches (fig. 1, thick blue lines). These patches are related to a set of in_dividual para-
meters, which are introduced by the datum parametrizations aNG(dJ) (2-2b) and

o&(d 6877);677(dj§77) (2-2c, d). In this way, it is of course possible to introduce geoid

height observations and vertical deflections from any number of different geoid- or
GPM models in the same area, or observed vertical deflections [2, 3].

3. Computation results of DFHRS-based Ulaanbaatar Region Quasi-Geoid for the
Baltics Height System

In order to compute the DFHRS DB for Ulaanbaatar 94 Identical points
(ellipsoidal heights h and normal heights H in Baltic Height system) together with the
EGM2008 geopotential model data were used. EGM2008 is a spherical harmonic model
of the earth's external gravitational potential in degree and order of 2160, with additional
spherical harmonic coefficients extending up to degree of 2190 and order of 2160 that
offers a spatial resolution of 9 km. EGM2008 incorporates improved 5x5 min gravity
anomalies, altimetry-derived gravity anomalies and has benefited from the latest

GRACE based satellite solutions [4].
%

Fig. 1. Computation design of DFHRS (meshes — thin blue lines, patches — thick blue
lines, fitting points — green triangles)



For meshing the area, mesh size of 5x5 km was chosen (fig. 1, thin blue lines).
Total amount of meshes — 1536. The total number of patches is 5 (fig. 1). One patch
must contain at least 4 fitting points. As points of the region are not homogenously
located, patches, were not introduced in approximately the same size, but according to
the location of the points. As geoid datum 3 translations and 3 rotations were introduced,
additionally derived deflections of the vertical from the EGM2008 model were used (see
fig. 2).

The identical points and the EGM2008 geoid undulations were introduced together
with the continuity conditions into a least squares estimation of the so-called "DFHRS
production”. The calculation has been done using the DFHRS v. 4.4. software. 88
normal height points H of the Baltic heights system could be used and were confirmed
in the statistical testing (data-snooping) with the assumed standard deviation of 1 cm. 6
points — 4039, 216, 230, 5051, 509 and 22 were excluded from the computations
because of gross errors. For 4 points (270, 1710, 1757 and GR70/70) the normal heights
H were changed in comparison to the previous data package provided in 2017, the
normal height for one point (1682) was used from previous data package.

HRS Computation. X
Type of HRS:
DFHBF

Interplation type Mesgh size

" Quadratic 5 [l |5 y [km]

{* Qubic

Optionz

Cortirwity conditiars: ™ Show Residuals of Contirwity

[v 0 - Contirnwity I™ Estimate Heights Scales as Polpnomials

[v C1 - Continwity I™ Show Covanance matrix
Matrix Decornposition Statistical Tests

" Cholesky-Decomposition IV &-priori rgan:; Repro

* LU-Decomposition [ aposterior !
Geoid Datum: a-prion Information

[¥ Translationz 0 0.05

i
5 - Geoid [m] 0.05

¥ 3 Translations
¥ Rotation 3 -WerticalDef [sec] [4.125

u Geaid Scale +- a0

¥ sze Deflections of Yertical = dmH 0.0001

[ HRS-Project Planining

i Calculate x Cancel
Fig. 2. DFHRS-software 4.4 computation dialog

The partial adjustment protocol of the DFHRS-software 4.4. with the observation
residuals, statistical testing of the height fitting points is depicted in table 1.



Final DFHRS software adjustment protocol

Characteristics:
EV: Redudancy factor
NV: Normalized residuals,

test size a priori

t post: Test size a posteriori
GF': Estimated gross error is issued in case of exceeding
the critical value by NV, bzw.

Probability of error Alpha: 5 %
Critical value a priori:
Critical value a posteriori:

Point number Height/Target sys.

[m]

137 1168.601
253 1441.619
268 1459.774
282 1318.717
505 1433.682
1598 1418.122
1710 1478.901
1731 1608.961
1747 1313.276
1757 1220.986
2324 1263.574
2329 1246.173
4750 1456.719
5006 1419.172
5019 1425.403

Excluded fitting points from the computations are depicted in table 2.

Probability of error Alpha: 5 %
Critical value a priori:
Critical value a posteriori:

Point number Height/Target sys.

[m] [m]
509 1443.301 -0.05132
Tl ——=> GF: 0.186 m <-—-- 1!!!
5051 1354.620 -0.03123
Tl ——=> GF: 0.112 m <-—-- 1!1!
22 1228.700 -0.01362
Tl ——=> GF: 0.099 m <--- 1!11
4039 1435.117 -0.01634
Ml ———> GF: 0.072 m <—-—= 111!
216 1353.229 0.01688
Ml ———> GF: -0.064 m <-—-- 111!
230 1264.222 0.01978
Tl ——=> GF: -0.077 m <-—- !1!!

3.84
3.84

1552
1549

t post.

degrees of freedom: infinity
degrees of freedom: 102887

PFROORFROORFR,FORFr OORFr O

VO OWWoOHOJWwWwkFk OdhEFrwWwu wo

Eliminated Error Points

3.841
3.841

27.

13.

22.

26.

25.

552
549

97

73

59

19

68

0.5 -0.001
22.2 -0.020
8.9 0.008
14.5 0.014
18.0 0.016
6.1 -0.006
17.3 -0.016
17.9 -0.017
5.5 0.005
11.9 -0.011
16.1 0.014
9.6 0.008
4.9 0.004
31.8 -0.028
30.2 -0.026

degrees of freedom: infinity
degrees of freedom: 102889
EV NV t_post REPRO

14.0* 180. 0.186**

8.4% 99. 0.112**

5.3% 79. 0.099**

4.9% 73. 0.072*%*

4.7% 70. -0.064**

5.6% 84. -0.077**

Table 1

Table 2



4. Conclusions and results for computed Ulaanbaatar Qgeoid model

The present DFHRS was calculated on the basis of the EGM2008 geoid and 88
identical reference points. The accuracy of the identical points was confirmed with 1.0
cm, so the QGeoid of the Ulaanbaatar region has an estimated 1-3 cm accuracy within
the area of the outer ring polygon-line of the fitting-points. The DFHRS_DB can be used
by the software DFHBF-Tools to compute the QGeoid-height N, and so the Normal
Heights H from the input of a 3D GNSS-position (B, L, h) or (X, Y, Z), and in order to
set up a respective QGeoid 2018 grid for the Baltic Height System in the Ulaanbaatar
Region. Especially for the borders of the Region (fig. 1) additional vertical deflection
observations made by digital zenith camera [5, 6] are recommended. In that way, the 1-3
cm accuracy will hold for the whole area (fig. 1).

5. Zenith camera and determination of deflections of the vertical

The basic component are imaging sensors (CCD cameras) to track celestial objects
or stars, respectively. If we suppose, that the imaging sensor system and the respective
platform p is already aligned or identical with the body system b, we have for p and the

direction vector ré’, of the body system [7]:

X—Xg X—Xg
p =

1

P=|y=Yo| and rg == y=Yo |, (5-1)
f Pl

with

(X,¥)t _uTtc — Observed image coordinates of a star S(5,a) attime t_UTC

(Xo,Yo) — Principal point of the image, f — Focal length of the sensor (see, fig. 3).
Further we have

—COSA-SIN® —sinA-sin® cos®
R (D,A) =|  —sinA +COSA 0 (5-2)
COSA-cos® sSinA-cos® sSind

The astronomical position is described with(®,A)and the geographical GNSS-
position with (B, L) leading to



—cosL-sinB —sinL-sinB cosB
RSV (B,L)=| -sinL cosL 0 (5-3)
cosL-cosB sinL-cosB sinB

Fig. 3. Modern Star tracker CT-602 as produced by Ball Aerospace's CT-602
From (5-2) and (5-3) we get

Riay =R -(REEY)Twith  (5-4)

Riv =Rigv (B,L.77.8) =

sinBsin®dcos(A—L)+cosBcos® sinBsin(A—-L) cosBsin® —singcosdcos(A —L) T
—sin®dsin(A - L) cos(A—L) +cosdsin(A —L)
sinBcos® —cosBsin®cos(A—L) —cosBsin(A—L) cosBcosdcos(A—L)-+sinBsin®
(5-5)

With the star coordinates r at the observation time t UTC we have
s =RV (B,L)-r®*(5-6)

All in all the general model for the vertical surface deflections determination the
equation reads:



sV (5-6) — r&°Y (5-8a,b) =0 (5-7)
with
e =Riay (B,L,7,8)" -REY (r=0,p=0,y)-r4 =0  (5-8a)
The matrix

COSPCOSYy Sinrsinpcosy—cosrsiny cosrsin pcosy+sinrsiny
R™ =| cospsiny sinrsin psiny+cosrcosy cosrsin psiny —sinrcosy
—sin p sinrcos p COSrcos p
(5-8b)

is by the horizontation (r =0, p =0)of the zenith camera platform in the local LAV

using an inclinometer sensor to REAV (r=0,p=0,y). The heading y is approximately

known, but remains an unknown of the parameter estimation. For R'[ﬁ\\,’ in (5-8a) we

can also use [7]

1 n-tanB ¢
Riav =Ry =|—n-tanB 1 —|(5-9)

—< ] 1
6. Next stage of the software development — DFHRS v. 5.x

The extension of DFHRS concept and software to physical observation types —
such as terrestrial, air- or space-borne gravity measurements or physical observation
types taken from geopotential models, e.g. EGM 2008 — is based on a regional adjusted
spherical cap harmonic parameterization (ASCH) of the Earth’s gravitational potential
(V) [2,8,9]:

k max n(k)+1 ' '
V(r,2',0") = EO (%) E_;O(Cn(k)mcosm/l'+ Sn(k)msinmi')ﬁn(k)m(cosH')(6—1)

New adjustment-based approach enables estimation of coefficients (C'niym, S'niym)
for regional ASCH model V as functions of coefficients (Cnm, Snm) Of a global
geopotential model. The estimated coefficients (C'yu.m, S'nky.m) €an be introduced as so-
called direct observations in the integrated approach, and thus we have:

Claym®+v=C" to.m 3 S’ m() +v= S'hom  (6-2)

In the so-called integrated DFHRS approach we have the following observation
equation for a gravity observation:



v _GM 2 (a)"" K~ e L :
ggrav = r2 kzO(F) (n(k) +1) ZO (C n(k)),m' COoS mﬂ + S n(k)lm'3|n ml ) . Pn(k)lm(COSQ)
= m=

(6-3)

By introducing the disturbance potential applied to the Bruns theorem and
Molodenski’s theory, we obtain the observation equation for fitting-points (h — H)
converted to quasi-geoid heights Nog and vertical deflections (§n), at measured at the
earth surface by zenith camera (fig. 1) at a point P reading [2], [9], [10]:

TP

7Q
aNQG oB 0 Tp oB -1 oT
EP=— -—+dNCurv =——(—)-—+dNCurv =————-(—)p +dNCurv
oB  0Osy B vq Osy Yo-M+h) 0B
(6-5)
oN oL 0,1 oL -1 oT
NP=-— 2 == (T Tp) = e (6)

oL osg AL'yg ' 0sg 7Yq (N+h)-cosB oL

One further research topic in the DFHRS-project will be dealing with the optimal
design (1% Order Design) of the observation type of gravity observations (6-3) and
vertical deflection observations (6-5,6).

Conclusions

The quasi-geoid model for Ulaanbaatar region has been computed. The accuracy of
the model is evaluated by 1-3 cm. As levelling data are not homogeneously provided in
the region of interest, it would be necessary to use digital zenith camera for vertical
deflection determination for quasi-geoid improvement, as well as it allows additional
check of normal heights. ASCH modelling in terms of integrated geodesy allow the
combination of both geometrical and physical data, moreover this method is much faster
in comparison to SH. Implementation of vertical deflections observations in terms of
ASCH gives additional improvement of quasi-geoid and gravity field determination.
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